We present the results of energy-dependent and single-energy partial-wave analyses of πN elastic scattering data with laboratory kinetic energies below 2.1 GeV. Resonance structures have been extracted using Breit-Wigner fits, speed plots, and a complex plane mapping of the associated poles and zeroes. This is the first set of resonance parameters from a VPI analysis constrained by fixed-t dispersion relations. We have searched our solutions for structures which may have been missed in our previous analyses, finding candidates in the S 11 and F 15 partial-wave amplitudes. Our results are compared with those found by the Karlsruhe, Carnegie-Mellon−Berkeley, and Kent State groups.
I. INTRODUCTION
We have performed a partial-wave analysis of pion-nucleon elastic scattering data up to a laboratory pion kinetic energy of 2.1 GeV. This work supersedes our last published analysis [1] (named SM90). The present analysis (called SM95) was performed on a larger data base, and was constrained by fixed-t dispersion relations (FTDR). In a previous study [2] (solution FA93) employing FTDR, we focused on a determination of the pion-nucleon coupling constant (g 2 /4π), finding the value g 2 /4π = 13.75 ± 0.15. In the present study we concentrate on the baryon spectrum as determined by Breit-Wigner fits, speed plots, and complex plane mappings. As our algorithm for implementing FTDR constraints has been described in Ref. [2] , we will only outline the method in this paper. One further change in our method of analysis was made in response to a suggestion made by Höhler [3] . We have scanned our energy-dependent solution for "missing" structures by sweeping an adjustable Breit-Wigner resonance contribution through each partial-wave. As a result, we have found some evidence for a small number of additional structures.
In Section II, we will briefly describe the additions made to our database since the publication of Ref. [1] . In Section III, we will review the basic formalism [1, 2, 4] used in our analyses. Results for the baryon spectrum and associated couplings will be given in Section IV. Here we will also compare the present solution with the older solution SM90. Finally, in Section V, we will compare our resonance spectrum with the results of the Karlsruhe [5] [6] [7] , Carnegie-Mellon−Berkeley (CMB) [8] , and Kent State [9] groups. In particular, we will comment on discrepancies in the observed resonance states.
II. THE DATABASE
Our previous published πN scattering analysis [1] (SM90) was based on 10031 π + p, 9344 π − p, and 2132 charge-exchange data. Since then we have added 358 π + p, 710 π − p, and 53 charge-exchange data. Some other measurements were removed [10] from the analyses in order to resolve database conflicts. The new low-energy πN data were produced mainly at the TRIUMF, LAMPF, and PSI meson facilities, and at the SPNPI and ITEP facilities in the 1 GeV region. The distribution of recent (post-1990) data is given schematically in Fig. 1 .
Since most of the new data [11] - [25] are from high-intensity facilities, they generally have smaller statistical errors and thus have greater influence on the fits. A large fraction of the new π ± p data were produced at energies spanning the ∆ resonance. TRIUMF has produced differential cross sections with an accuracy of 1-2% [14] and partial total cross sections [15, 16] . LAMPF has produced a set of polarization parameters P , R, and A [23] .
TRIUMF and LAMPF have produced total [16] and differential cross sections [17, 21] , and analyzing powers [22] for the charge exchange reaction. After a revised analysis and energy calibration, the Karlsruhe group, working at PSI, has provided a final set of both forward [20] and backward differential cross sections [18] and analyzing powers [25] at low energies.
Most of new π ± p differential cross sections and analyzing powers above 780 MeV were measured at ITEP [11, 12] . Some proton spin rotation parameters were measured below 600 MeV at SPNPI [19] and at 1300 MeV at ITEP [24] .
Other experimental efforts will soon provide data in the low to intermediate energy region. A precise measurement of π ± p elastic scattering cross sections was made in experiment (E645). This experiment covered the ∆ isobar region and was completed at TRIUMF in the Summer of 1992 [26] . Partial total cross section measurements (E1190) for angles greater than 30
• (lab) have been made at LAMPF in Summers of 1991 and 1992 [27] . Data was taken between 40 and 500 MeV for π + p and between 80 and 300 MeV for π − p . In the spring of 1995 CHAOS, a new TRIUMF facility, began operating to measure polarization π ± p data below 100 MeV (E560), and is expected to provide the first such measurements below 70 MeV [28] . A LAMPF experiment (E1178) will measure analyzing powers between 45 and 265 MeV for the charge exchange reaction in the fall of 1995 [29] .
The present solution (SM95) is compared with other recent VPI analyses in Table I .
Here we display the quality of our fit to data in the different charge channels, as well as the number of searched parameters used in the fits.
III. FORMALISM

A. Chew-Mandelstam Formalism
Our energy-dependent partial-wave fits are parameterized in terms of a coupled-channel
Chew-Mandelstam K-matrix, as described in Ref. [4] . The elastic scattering amplitude for each partial wave can be expressed in terms of a functionK
Here C e and C i are the Chew-Mandelstam elastic (πN) and inelastic (π∆) functions described in Ref. [4] ; the elastic phase space factor, R e , is the imaginary part of C e . In order to control the behavior near the elastic threshold, the K-matrix elements (K e , K 0 , and K i )
were expanded as polynomials in the energy variable Z = (W C.M. − W th ), where W C.M.
and W th are the center-of-mass and threshold energies, respectively, for elastic pion-nucleon scattering. Multiplying K 0 by an added factor of Z allowed the fixing of scattering lengths through the value of the leading term in K e . It should be noted that the above π∆ channel is a "generic" inelastic channel. As in previous analyses, the S 11 amplitude was given an additional ηN coupling. Charge splitting was accomplished through the multiplication of K by an appropriate Coulomb barrier factor.
Single-energy analyses were parametrized as
with the phase parameters δ and ρ expanded as linear functions around the analysis energy, and with a slope (energy derivative) fixed by the energy-dependent solution.
Details of the energy-dependent parameterization is as described in Ref. [4] with the following changes:
• The subtraction point [4] , W Z , is now M + µ − 500 MeV (M and µ being the nucleon and pion masses).
• All K-matrix elements were expanded as energy polynomials except for an explicit K-matrix pole in the elastic component of the P 33 partial-wave.
• The P 33 was further modified for π − p and change-exchange by scaling back the Smatrix modulus, η, to account for inverse pion-photoproduction around the resonance.
This is similar to the method used by Tromborg et al. [30] .
• Once an appropriate hadronic amplitude was determined, charge corrections were applied as described in Ref. [4] .
• Threshold behavior was determined in the following manner. The S-wave scattering lengths were linked to our dispersion relation constraints, as described below. The P-wave scattering volumes were searched without constraint. D-waves were softly constrained to the Koch values [31] , and the higher waves were fixed to Koch's results [31] .
B. Dispersion Relations Constraints
Constraints on the partial-wave fits were generated from the forward C ± amplitudes and the invariant B amplitudes at fixed-t in the range 0 to −0.3 (GeV/c) 2 . (As mentioned in Ref. [2] , the A ± dispersion relations, though not used as constraints, are quite well satisfied.) Reference [2] describes our method of applying forward and fixed-t dispersion relation constraints in order to generate solutions with fixed values of the pion-nucleon coupling constant, g 2 /4π, and the isospin-even scattering length, a (+) . In the present work we have generated a set of solutions in order to determine our sensitivity to choices of the π − p scattering length and the pion-nucleon coupling constant. 
which appears in the Goldberger-Miyazawa-Oehme (GMO) sum rule. Given a value for the integral, a (−) is directly related to the chosen value of g 2 /4π.
Our final results were generated using J GM O = −1.05 mb and a π − p = 0.085 µ −1 . It is important to stress that any reasonable set [32] could be used and that the minimum value for g 2 /4π depends only weakly upon the chosen values. Moreover, these choices have a negligible effect on our results for the resonance spectrum.
Given the above choices of J GM O and a π − p , Table III shows the sensitivity of our fits to the value of g 2 /4π. The most important difference between this mapping and our previous result [2] is the consistency of the optimal value of πNN coupling found from the constraints and all charge channels. A problem once evident in Ref. [2] , in the charge-exchange channel, has now disappeared.
C. Lesser Structure
There has been some criticism [3] of our method of analysis, based upon the absence of some lesser (less than 4-star) structures in the VPI solutions. It has been argued that this is the result of inflexibility in the energy-dependent forms which we use. We have previously searched for missing structure by iterating between single-energy and global fits, examining each iteration for evidence of systematic deviations between the resultant partial waves.
In order to explore this question more carefully, we have performed an additional search for (localized) missing structures, implementing the following strategy. We have assumed a product S-matrix of the form
where S F A93 is the solution [2] used in our recent determinations of g 2 /4π, and S P was taken to have the form:
with
where Γ πN = ρ e γ e and Γ i = ρ i γ i . The total width, Γ is given by the sum of elastic (Γ πN ) and inelastic (Γ i ) widths with phase-space factors, ρ e,i , normalized to unity at W = W R . In the above, K B is expressed as γ B |T R | 2 (in order to keep the effect localized).
We mapped χ 2 (W R , γ B ) for various combinations of the constants γ e and γ i . W R was varied from 1.4 to 2.3 GeV, in increments of 25 MeV, and γ B was varied from −10 to 10 in increments of 5. This was done for each partial wave. A few candidates for extra structure were found in this way. Once identified, these added structures were included in a fit constrained by dispersion relations.
D. Resonance Parameter Extraction
The resonance spectrum for our fit was extracted in the customary fashion. A BreitWigner form plus background was used to fit partial-waves containing structure over a selected range of energies. The precise form is given by
with T R defined as above. The main requirement on the phase-space factors is that ρ e should be proportional to (W − M − µ) l+1/2 at threshold, which allows for many possible choices.
For the background we used
with η B = cos(ρ B ). To get initial values for the resonance fitting, we implemented the speed plot (Speed = |dT /dW |) advocated by Höhler [6, 7] . All 4-star resonances show clear "speed bumps" allowing the extraction of initial parameters.
The values for extracted resonance parameters (W R , Γ πN , Γ) were quite sensitive to the choice of phase-space factors, especially for those resonances near threshold. For the P 33 in particular, it was possible to obtain reasonable fits for a variety of assumed factors. We ultimately adopted the form
where q and q R are the center-of-mass and resonance momenta. This introduces a cutoff parameter, X, but seems to yield, for most 4-star resonances, values consistent with previous Particle Data Group (PDG) [34] determinations. We plan a more refined analysis of the P 33 (1232) resonance region once we receive the data of Refs. [26] - [29] . It is hoped that these new measurements will help to resolve discrepancies existing is the current database for this energy region.
E. Complex Plane Mapping: Poles and Zeroes
Since the form used in our energy-dependent fits can be analytically continued to complex energies, it is straightforward to locate the complex energy positions for the poles and zeroes which influence the on-shell behaviour of the amplitudes. We generate complex-plane contour plots of ln(|T | 2 ) and pick a starting energy near the pole/zero. We then use a Newton-Raphson algorithm to "home in" on the structure. Results for the pole positions (and residues) are given in the next section.
IV. RESULTS OF THE PARTIAL-WAVE ANALYSIS
The overall quality of our solution (SM95) is displayed in Table I , along with a number of our previous results. Single-energy solutions were produced up to 2026 MeV. For these single-energy solutions, starting values for the partial-wave amplitudes and their (fixed) energy derivatives were obtained from the energy-dependent fit. The scattering database was supplemented with a constraint on each varied amplitude. Constraint errors were taken to be 0.02 added in quadrature to 5% of the amplitude. Such constraints are essential to prevent the solutions from 'running away' when a bin is sparsely populated with scattering data, but have little effect when sufficient data exists. In Table IV we compare the energy-dependent and single-energy fits to the data. These solutions are displayed graphically in Fig. 2 . Here we also compare with the previous solution SM90. Some of the largest changes are seen in S 11 (near the η-cusp), in P 13 (at intermediate energies), and in P 11 (at higher energies).
Our search for lesser structures, as described in Section III.C, revealed only three possibilities for obtaining a significantly improved fit. After inclusion into the main analysis,
we determined that only two of these lesser structures, in the S 11 and F 15 partial waves, remained significant enough to keep in our final fit. These can be seen as small "bumps" on the high-energy shoulders of the S 11 (1650) and F 15 (1680) resonances. The S 11 structure is also evident in the speed plot of Fig. 3 .
Pole positions and the associated Breit-Wigner parameters are presented graphically in Fig. 4 , and are listed in Tables V and VI . PDG values are also given for comparison. We have not attempted to associate the added structures in S 11 and F 15 with any specific PDG designation. A structure found in P 13 was likewise left "unnamed".
We are able to resolve all 4-star structures listed by the PDG within our energy range.
We also determined structure in the speed plots for P 33 around 1800 MeV, and for P 31 near 1400 MeV. Neither of these were resolvable via a Breit-Wigner fit. The difficulty with these unresolved structures can be seen in Fig. 5 , which reveals a rather complicated interference between nearby zeroes and poles. Many of the weaker structures appear as pole-zero combinations, with a zero lying between the pole and the physical axis.
V. COMPARISONS AND DISCUSSION
As we find structures associated with all 4-star resonances in our energy range, we can claim qualitative agreement with the Karlsruhe, CMB, and Kent State analyses. The P 13
result is difficult to interpret. We find a pole position close to the CMB value but the Breit-
Wigner fit results in a resonance energy between the 4-star P 13 (1720) and 1-star P 13 (1910).
Our two additional resonances, found in sweeping a Breit-Wigner form through the partial-wave amplitudes, could possibly be related to PDG 1-and 2-star resonances found previously in the S 11 and F 15 amplitudes. The Karlsruhe group reported a structure (denoted as the F 15 (2000) 2-star resonance) at 1882 MeV, not far from our value. The elasticity we found is also similar to that found by the Karlsruhe and Kent State groups. The next S 11 resonance reported above the S 11 (1650) is the 1-star S 11 (2090). Our structure appears about 150 MeV below this. It is interesting to note that Höhler [7] found a similar structure in his speed plot of the KA84 solution.
The PDG 3-star D 13 (1700) resonance is not evident in the present analysis. The Kent
State group found an elasticity consistent with zero for this resonance. The photo-couplings to the D 13 (1700) are also consistent with zero in the most recent PDG estimates. If this resonance exists, it remains very difficult to detect. We do see the 3-star P 33 (1600), though our pole position is quite different from the Karlsruhe and CMB values. The resonance energy estimates, from the Karlsruhe, CMB and Kent State groups, also span a wide range.
In summary, we have found that our present analysis gives all the dominant structures found in earlier works, along with a couple of new ones which may be related to previous 1-or 2-star states. We also found the value of g 2 /4π to be more consistently determined by individual charge channels and the constraints than was the case in our first set [2] of χ 2 maps. These amplitudes will be used as input for our upcoming analysis of pion photoproduction data. Results for the new S 11 and F 15 resonances will be especially interesting, as these states presently have no assigned photo-coupling estimates in the Review of Particle
Properties.
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